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Abstract A method for analysis of the dynamics of macroeconomic indicator
on the model of a piecewise trend for economies of unstable g
proposed. The relevance of the article is supported by the absence of
mathematical models and thadequacy of traditional continuous mode!
describethe features of economic dynamics of this type. Its applica
demonstrated on the exales of Ukraine, Greece and Italy in comparison
stable developing countries of Eastern Euwrdpe Czech Republic, Slova
and Polandin the process of approbation new indices of instability bas
this model have been developed. A higher defreenformity of the
proposed model is proved in comparison with traditional continuous |
not only for countries with signs of unstable economic dynamics, but
some countries with stable econoniesing approbation, a new index
instabiliy of growth was developed based on this piecewise linear trenc
The indices of instability of growth were calculated for 43 European cc
for the period from 1989 to 2019 and their rating was built.
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1.INTRODUC TION

Mathematical modeling of the dynamics of macroeconomic indicators belongs to the number of the
most important tools for analysis of economic development trends. Its purpose is, in particular, to help
work out proposals for management solutions. Therdlsearch department heads Andrew J. d8erg.
Jonathan Ostrey noticed that o. .. a klackoff eat ur
stability ... periods of rapid growth are interchanged with periods of decline and stagsati@mns
and stable peri gstrg,20d). growt hdé (Berg &

The unstable growth is characterized by the time trend of the economic indicator which is
experiencing gaps caused by sharp economic changes. Capabilities of the small squares method, usuall
used foranalysis, are limited to the choice of functions of regression Tthenidlter is conditioned by
the necessity of reducing the problem of finding the estimates of parameters to the solution of a system of
linear equations. That is why the popular otenpapplications use linear, exponential, polynomial,
powerdegree or logarithmic trends. Their common properties are smoothness and continuity.

For countries with unstable growth traditional regression analysis is not Eéattiata indicates
thatperiods of stable growth are replaced by gaps in continuous trend. Thus, the problem of simulation of
the dynamics of unstable economies acquires relevance. This purpose is stated by the authors in this
article.

One of the features of continuous modelhat the parameters of the trend equation (coefficients
of polinome, exponent parameters, etc.) do not, as a rule, have an economitheoatghbrs propose
a model of piecewise dynamics and the technology of its implementation using the exXamnple of t
indicator of GDP per capitét. is not only more accurate in describing specific features of unstable
growth dynamics, but it has one more advantage: its pardraetersatural economic content that
makes accessible and transparent their interprethiise parameters are the moments of drastic change
in dynamics (gaps) and coefficients of linear components characterizing the rates of growth in the
intervaloof stability. As the review has showed, the proposed model is used for the first tirnanin the f
ready for practical implementation of the method.

For the demonstration of the method and comparative analysis the Czech Republic, Slovakia, Poland,
Greece, Italy and Ukraine have been chosen. In the proposed model not only the result of thie estimate o
the dynamics of the indicator is provided but also its derivative, which illustrates the pace of the
performance of the indicator which also undergoes a break.

The goal of the authors was also to develop a generalized indicator, a quantitatistichafracte
the features of the degree of instability of grc
to construct a rating of European countries on the basis of this indicator.

The hypotheses laid as the basis of the study include:
ungable growth is characterized by a gap in the trend that prevents the implementation of a continuous
and smooth model from being applied;
for an integrated display of unstable growth experiemeaig it is possible to appigcecontinuous
functions in particular, piecewise function;
instability of growth can be estimated quantitatively using the index that takes into account amplitudes of
vibrations; growth stability will be characterized by low index values, iddtgiligyh ones;
piecewisdrend will be able to reveal the presence or absence of cyclicity in the manifestations of
instability of growth;
analysis conducted with the use of the model for different countries will allow to detect exogenic and
endogenic factors of unstable growth.
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The hypotheses should include the expected prospects of this model in a multidimensional design,
that is, using not a single one, but a set of indicators characterizing the instability factors identified at the
stage of analyzing the dynamics gaps wimgnausnelimensional piecewise linear model.

2.LITERATURE REVIEW

The GDP indicators are regularly published by statistical departments of various countries and
international organizatiofi$Ndata, 202Rur ost at, 2021; World Bank, 202

Based on the analyses of the dynamics of GDP and its components, the patterns of development and
economy growth, cycles and resistance of different economies to them become apparent. Thus, (Baburin,
2019)researched thesilience of the economies of the Greater Baltic Region to the cycles™ conditions,
calculated the cycle duration of $ears and indicated that the main factor of stability of a country is its
specialization. In their works (Korotayev et al., 202@iel Kondratiev's long waves based on growth
rates of global GDP and concluded that it is the developing countries that are generating such waves
during the given period.

(G°bel & Ar a¥j o, 2020) went further . omicheir a
indicators- early warning signs of economic crises. And on this basis the clusterization method for
changing policies and creating a more stable economy is proposed. This provides an opportunity to state
that there are certain classes of countrststamg to external vibrations, while some others remain
vulnerable. Their dynamics is not continuous, that is, it experiences the gaps.

The method of the small squares and its modifications is often applied for macroeconomic modelling
of GDP dynamics, #i the help of which the coefficients of the regression function reflecting the
dynamics of the indicator are est i madecgtdeesmalhe gr
squares method to forecast GDP per capita for the population of ®naml, India, Italy, Japan, the
UK, the USA, Spain and Turkey. It has been shown that their proposed method is superior to the
polinomial and fractional models.

Regressions are frequently used in analysis of relationship between mdmlicatms in
particular for estimating the factors of influence on economic growth for individual countries as well as
regions: impact of human capital on the development of EU co(intdes k o ws k a-Bo&iakDa z s k a
2017); public debt management of Italy and Greahar{@v et al., 20283jationship between energy
consumption and economic growth for 30 European
shortterm impact of COVIBL9 on economic activity (Fezzi & Fanghella, 2020) and others.

Characteristic dhe degree of conformity of the applied growth model with the retrospective data,
on the basis of which it is obtained, is the multiple coefficient of correlation (correlation ratio), values of
which are in the range [0..1]. Values correlation ratiamDupis estimated as a low level of conformity,
from 0.5 to 0.9 low to medium, 0.9 to 0.9¢nedium to high.

Traditional continuous models often provide high performance. In their article the authors (Xiaobo
Zhu et al, 2017) used linear, square, mmtyial and powetegree functions for analysis of connection
between Gross Domestic Product (GDP3loiha and Temporal Coverage Nighttime Light Data (TNL)
at the national level and for separate provinces. They provided a fully acceptaBte=résitapd
above)Possible trend gaps were not considered, for they were not there.

The article (Karnitis & Karnitis, 2017) is devoted to modeling the stable growth of the economies of
the EU and the Baltic states (Estonia, Latvia, Lithuania) using muliciaddimear regression, i.e. a
continuous function. The reliability of the simulation resut (R9736) is high precisely due to the
stable growth of the studied economies.
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In the article (Kasianova et al.,, 202@® experience of analysis of econodyicamics is
demonstrated on the basis of using the fourth degree polynome for description of the -déiDRtive
growth rate of Ukrainélowever, the polynomial model, being smooth, does not take into account the
gaps of t he dynan asgess onlynthke igenaral direction afl tHe drend. Figpm the
graphics in the article, it is quite evident. Critical periods e2GU®and 2013014 are specified in the
article as such when the function reaches the extreme and undergoes the teajgetary ch

The fact does not require the proof that the modelling problem is becoming much more complicated
if the economy gets signs of unstable growth, to the specific features of which the article is dedicated
(Berg & sstry, 2011).

The protracted crisis ithe Greek economy has been widely discussed. The causes are studied
(Chletsos & Roupakias, 2020), economic growth is modeled by taking into account internal and external
imbalances (Soukiazis et al., 2018). The factors of financial instability (Rege#: Edopo Bernal,

2020) and the impact of the Greek crisis on Eurozone asitlnmzone countries (Bird et al., 2017) are
studied. The authors (Vlasova & Govorova, 2018) analyze the dynamicseobisoriae development

of Greece from 2008 to 2018 and tauses of the lotgrm crisis in institutional and economic aspects.

From the above data, there is a significant increase in public debt (1.63 times) and a decline in GDP per
capita by 44% over the period.

(Cicceriet al., 2020provide data on the dyn&s of inflation and unemployment in ltaly for the
period 1995 2019. The presented trends demonstrate that the dynamics have experienced sharp changes
within short periods of timefrom noticeable growth to the clearly expressed downfall, whictoigealso
of the manifestations of unstable growth.

So, the application of continuous models for economies displaying signs of unstable growth is
inefficient, which is obvious enough. The review of the literature has shown that the piecewise model has
wide aresm of application as a tool of applied research in physics, astronomy, computer sciences, materials
science and engineeriBgonomic research is no exception. Such models are widely used in assessing the
profitability of financial instruments and risk cédo (Tak KuenSiu, 2016; Coleman et al., 2007; Gawon
Yoon, 2013). Applications in logistics (Basciftci et al., 2021) also show high efficiency. Macroeconomic
issues, in which there are manifestations of sharp changes and gaps, are also solveduiemigh the
piecewise linear functions. The articleCpéin Chiang et al., 2008) demonstrates the possibilities of
applying such models for assessing the effectiveness of foreign investment, (Matsuyama et al., 2018) as
well as for the characterization and efing of credit cycles.

The conducted literature review defined the choice of countries of unstable growth for the
approbation of thpiecewise linear functiamethod, namely: Ukraine, Greece, Italy. For comparison, the
data for Poland, the Czech Repudiid Slovakia as the stable developing European countries was used.

Ukraine, in terms of the nature of its development, has become a striking antipode to successful
European countries. According to the UN Human Development Index (HDI) global ratin@ fero201
other European country ranks lower than UkralNelgta 2018).

At the same time, in 1989, per capita gross domestic product (GDP) value in Poland and Ukraine
was at a comparable le@lorld Bank, 2019)n 26 years, their economies are widelyt. dpareign
direct investment led to contrasting, in essence, results in relation to stability of growth and institutional
changegKowalski & Shachmurov, 2018). Similar studies have been conducted for the Greek economy
(Baltas et al., 2018).

The Czech Reyblic, Slovakia and Poland as well as Ukraine, are rich in natural resources and
minerals, which are similar in composition. Like Ukraine, they can also be considefsovést ptaes,
for the Czech Republic and Slovakia used to constitute a aegl@lst starting positions of all four
states at the beginning of the 90s were almost identical: a significant share in the economic structure
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belonged to the machine building, coal industry, ferrous metallurgy, the chemical industry, military
industry, dveloped nuclear energy (the Czech Republic, Slovakia, Ukraine) and agriculture (Poland and
Ukraine).

Researches @kegatum Prosperity Index, BDO International Business Compass from 2008 to 2017
in Poland, Romania, Slovakia, in comparison with Ukragnabdlie conclusions are also confirmed
(Sobolievddereshchenko, 2018). So, according to the BDO IBC, in 2017 such EU member states as
Poland- 24th, Slovakia 33rd and Romania 36th, received the highest marks for their economic
position. At the same tan Ukraine has the lowest indicatahe 80s. According to the Legatum
Prosperity (LP) Index, in the period from 2008 to 2017, Ukraine had the lowest economic LP Index
among countries; Poland had the highest LP Index. Also, research on stress tasksigno/kraine
showed that banks with foreign capital from Eastern Europe and Central Asia, especially Hungary and
Poland, are the most streasistant (SobolieW@reshchenko & Zhukova, 2020).

3. METHODOLOGY

The peculiar qualities of the economic digsanf Ukraine are not limited to periods of daép
continuous decline. They are combined with sharp violations of continuity, which lese oloserved
on such a massive scale in the countries of stable development. It is this feature that greatest th
difficulty in forecasting, since the applied analytical apparatus is designed to use continuous models. It
prompted the authors to find the method for describing the dynamics of an indicator in a-piecewise
continuous, namely piecewigear modl, for the time being in a edienensional version. As the first
results have shown, the method appedrave promising prospects in the multidimensional version.

In Figure la the dots (Value) show the dynamics of per capita GDP at the PPPs (int permanen
Internationatollars in 2011) for the period from 1990 to 2017 in Ukraine. The data is obtained from the
(World Bank, 2019).
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Figure 1a. Ukraine. The GDP performance per capita at the PRih permanent international

dollars of 2011) for 1988 to 20T&e linear and exponential models

Sourcewn evaluation.
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It demonstrates the trend assessment for the linear, polynomial and exponential models and
untenable character. The GDP performance per capita in 2017 is 75.5% of the 1990 value (decline of
24.%%).

Figure 1a and 1b show the values of the indicator, referred to in Excel as "the value of the reliability
of approximation Rand representing the square of the correlation ratio. For a linear approxiwation R
0.068 (R = 0.26&xponential R2 = 0.102 (R = 0.26); polynomial of the 2nd ordB? = 0.3257 (R =
0.57). Even polynomial of the 6th order, redundant for a relatively small base, shows unsatisfactory
compliance in the area of manifestation of unstable development (starting with 2006). (Figurelb
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Figure 1b. Ukraine. The GDP performance per capita at the PPP (in permanent international
dollars of 2011) for 1988 to 2018. Tgawynomial model of the 2nd and 6 order
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The failare of continuous models for forecasting dgsafthis nature, which has been observed in

Ukraine since the "90s, is illustrated in Figure 2a and 2b.
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Figure 2a. Ukraine. The GDP performance per apita at the PPP (in permanent international dollars of
2011) for 1988 to 2018. The forecast for 2&18g the data of 199@008 under the linear regression.

lllustration of the failure of continuous forecasting models
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On the basis of 199D08 data the forecast for 2010 was carried out. According to the linear
regression equatiothe GDP for 2010 is Y =23.28 * 2010+531866385, while real GDP was 7824;
deviation 0f1438 or 18.3% of the predicted value (Figure 2a). It is illustration of the failure of continuous
forecasting models.

The polynomial regression of the 2nd osdemed to describe the basic observations better, but the
prognosis differs from the real result by 60% (Figure 2b).
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Figure 2b. Ukraine. The GDP performance per capita at the PPP (in permanent international
dollars of 2011) for 1988 to 2018. The fore¢asP010 using the data of 19AD08 under the
polynomial regression.

Source: own evaluation.

For comparison, Figure 3 shows the results of a similar experiment for the Czech Republic.

30000 ~
Exponential trend
25000 Linear trend I\
y = 5E-17e0.p236x >/
ly = 400,03x -|7844 : "
20000 R
fﬂ,ﬂf Polinomial trend
' -
15000 ) r,.—-‘—:"'-"' Y = 2.6709%7 - 10305% + 1E+07
M’,‘
10000
5000 1
1985 1990 1995 2000 2005 2010 2015 2020

Figure 3. The Czech RepublicThe GDP performance per capita at th®PP (in permanent
international dollars of 2011) for the period from 1990 to 2018
Source: own evaluation
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As is evident from Figure 3, the linear, polynomial and exponential models (for the Czech Republic)
are observationally equivalent. At the same ttieye,describe the trend much more accurately than
similar data for Ukraine. The GDP performance in 2018 amounted to 192% of the 1992 value with the
growth of +92%.

The same experiment was conducted for Poland and for Slovakia with the similar outcome. The
correlation coefficient amounted to 0.992 (Poland), once again proving high efficiency of the conventional
continuous model for the steadily developing economies. The Poland GDP performance in 2018
amounted to 279% of the 1990 value with the growth 6f%17

Figure4 shows the result of the experiment on the use of continuous trends for forecasting on the
example of a stable economy (the Czech Republic). The base is the same pe26@8183@n the
simplest linear trend has been successful, n@kingmial regression redundant. Linear regression
equation: Y = 426.82&837951. The estimated value of GDP for 2010 is 19957 (in Figure 4 it is marked
with atrianglé. The real value is 19808. The deviation is +149 or +0.7% of the predicted value.
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Figure 4. The Czech Republic. The GDP performance per capita at the PPP (in permanent
international dollars of 2011) for 2010, according to the equation of linear regression, calculated
using the baseline of 19882008.
Source: own evaluation

The following describes the proposed algorithm for estimating the parameters of the proposed
model using a piecewise linear function based on the results of obseFhatieqgation describing the
dependence of the indicator on tirhas the form:

O QoL R Y p

whereay, a, & ,are the regression parametersiandom deviation from the regression (trend);
o number of observations.

The task is to estimate the parameters of the regression (trend) from obsdrvajiotis (
parameters are included in the expression of regression linearly or it can be transformed to such form, it is
reduced to solving the-salled system of normal equations of the method of small squares. Minimization
of the quadratic form leads to it:

Y ®  "Qohd B R G

The trend, in the expression of which the parameters enter linearly, should have the form:
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QU RIB R e 08 o

The discussed model, however, does not allow reducing the problem to solving a system of normal
equations. The reason is the presence of the breakpoints of the régnesisiormamong the parameters.
We had to develop a computer program that would solve this problem. It was achieved, and this gives
reason to claim our involvement in the development of a new method for analyzing the dynamics of
economic indicators apphtato the countries where the economic dynamics is of unstableThature.
program was developed in the PTC Mathcad 15.01 environment (developer: PTC, Windows OS).

The idea of algorithm implies minimization of the quadratic form (2) of the methodtafastati
testing (also known as the Monte Carlo method). It has received growing popularity with the researchers.
Since the piecewise linear model was used, the list of parameters is limited to the discontinuity points in
the regression function, descrililmgtiming series under study. Then regression between them is a linear
function, assessment of coefficients of which is described in any mathematical statistic handbook, and the
software implementation is provided by popular software preductsas Eoel or Statistica.

The local portion of the regression between the discontinuity Geis: is described by the
eguation:

OO 6w 6h (4)
wherd i, Bare the regressiaoefficients, calculated as:
Bwo & o ® ®© ® o

ho w 02 wh

Boo & o ® ®
Bowo & O Qﬁ o Bwo & o @
g g

Y - the index value at poidt, n - the number oK values within the range@f G.1.

&

Themdimensional patalepiped is formed= (Q«, Tk, k=1..m, {Q, T}d the opposite apexesp
the number of the boundaries assumed between the areas of continuity. Before the beginning of iteration
process the initial value of the form (2) is fixed in the vafjalldichmay be taken from one of the
apexes P, while the vector D reflects the very initial approximation. Thereafter, the program shifts to the
execution of the generation cycle of random veéltorsP (k = 1..N) where N is a number indom
testcyclesUpon every execution of the cycle, the calculated value of the quadratic form (2) is assigned to
variable S, if such value is less of the previous value, and the vector D changes its value to the current
vectorTy.

After the cycle is completed, the regdrinformation is generated and a graph of the indicator
dynamics is displayed against the background of the starting points of obsgryations (

A sample output of the graph is shown in Figure 5.
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Initial data:

- the xlsfile with a table of the indicator observations by year; data gaps are allowed, since the program
automatically excludes such observations from progessing

- the set number of random test generation cycles N;

- the number of areas of continuity (NAC) for the subsequent assessment of their optimal number;

- the parameters defining program execution modes, the purpose of which is clear from its
explanations.

For a comparative analysis, the following indices are provided:

- the index VS of the discrepancy between the data and the model, calculated as the ratio of the
estimate of the mean square deviation of the observations (RMS) of the indicator to the RMS of the
observations themselves throughout the sample; the range of values it takes is [0; 1];

- correlation relatior, characterizing the degree of observational compliance with the obtained
estimate of the regression function;

- Gl growth instability index (the average of the modules of deviations of the indicator from linear
regression over the entire area at breakspoi the magnitude of the mentioned regression on the
observation area).

The latter is calculated in the form of (Figure 6):

00'd _ (6)
whereD; - the module of deviation be®vethe piecewise continuous regression and the linear
regression a&ith discontinuity poink - the discontinuity point numb& - the range of linear regression

over the entire observation arebhe interpretation of this index is obvious: for theustagable
economies it increases, while for the stable ones it decreases.
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Figure 6. Determination of the growth instability index.
Sourcewn evaluation

The indices VS argltake values in the range of 0 .. 1. The higliethie higher is the degree of
conformity; the decrease of VS speaks for the same. In the event of ideal cgnfotimit$, = 0. With
a complete discrepancwhen the regression is a constant equbktaverage valug = 0, VS = 1.

There is an option of the interactive mode; the interpretation causes no difficulties.

After obtaining the results with successive NAC values, preliminary results are evaluated. If it is
necessary to clarify the obtdirevaluations or making sure their sustainability thereof, processing is
repeated with the increased values of N. At the same time, the number of tests is estimated, which ensures
the stability of the estimates. In the course of the research, the Whiasyetl from 2000 to 10000.

Upon completion of processing with successive values of NAC, using the standard tools of MS
Of fice, the chart of VS and 3 dependence on NAC
the areas of continuity, along with the dynamics, optimal areddstermined using the stabilization
feature of this connecti on, with the 3 | ever bei

4. EMPIRICAL RESULTS AN D DISCUSSION

The prospects of the method are demonstrated by the following fesilipmlication in Ukraine,
where instability phenomena are manifested with a textbook persuasiveness. For comparison, a similar
study was conducted for the Czech Republic, Slovakia and Poland.

Below the experiment description is given.

Three Excel dagnents contain summary of the actual data for the period from 1989 to 2018 in
terms of the GDP dynamics per capita at the PPP for Ukraine, the Czech Republic, Poland and Slovakia.
The data was obtained from the (World Bank, 2019). At NAC=1 the chartioeSk&DP dynamics
per capita at the PPP for 1990 to 2017, as built by the program, repeated the chart earlier shown on Figure
16, i.e., the common linear regression. The obtained estimation of the model data conformity is
di sappoi nt i ng:5 ThentbdeRiSuhgcceptable forQkré@ing. At the very first step of the
suggested method application (at NAC=2) for Ukraine related data the advantage of the piecewise linear
model over the continuous model became evident (Figure 7).
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Figure 7. Ukraine,the GDP dynamics per capita at the PPP for 1990 to 2017, NAC=2.
Correlation ratio3 = 0,899, VS = 137.
Sourcewn evaluation

The3 value raised from the extremely low to rather reliable one, equaling 0.899. Respectively, the VS
decreased from 0.97 tal®7. The established boundary between the areas of continuity falls on 1994,
which is logically well explained by economic reasons. The radical reforms and transformations were
launched in Ukraine much later after it acquired independence in 1994asAs 1884 the catastrophic
decline of economy was halted. The same goes for the GDP stable decline up to 1994: so were the
aftereffects of the disintegration of the Soviet Union, establishment of the independent state, the market
transformations and-dbnceived reforms.

At NAC=3 the correlation ratio increased up to 0.981, and the VS decreased to 0.194, which is truly
amazing looking back to tgetart point (0.26). The program identified the abrupt gap on the dynamics
of the indicator in 1994, 200812014, as well as significant amplitude of the derivative in 2000. In 1997
Ukraine faced strengthening of the presidential authority and reinforced influence on the key financial and
industrial groups, in this case resulting in the shift to growth.ighedwziine in 2008 was caused as in
other countries by the global financial crisis. The highest correlatign0.@@3was found at NAC=5
(Figure 8).
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Figure 8. Ukraine. The GDP dynamics per capita at the PPP for 1990 to 2017, NAC=5,
Gl1=0,889. Correlation ratio3 = 0,993, VS = (2.
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There are 5 periods distinguished in Ukraine's dynamics:

- 1990- 1998- the fall of the economy,

- 19961998- a turning point, minimum values of GDP per capita.

- The reforms carried out at that period began to produce results.

- 1998- 2008- positive dynamics, stable growth, interrupted by the global economic crisis

- 2008- 2014- uneven growth at a slow pace caused by the consequences of the gltb&0drisis.
the gap in the derivative and, accordingly, a sharp dropheinglbf the population is associated
with a period of a change of power in Ukraineg\thats on Maidan, the loss of territories and a part

of the economic potential;

- 2014-2017-a sharp drop in GDP, the economy was o0t h
external loans, growth was observed.

For Slovakia, the Czech Republic arldriélp developing in a much more stable way, the method,
nevertheless, proved to be useful as well, since it managed to clarify the specifics of dynamics (Figure 9,
10, 11, respectively).

For instance, for Slovakia there were three areas outlineddmlgglescribed by the trend, split up in
2003 and the aforementioned 2008, featuring material decline in 2008 (Figure 9).

Figure 9.Slovakia. The GDP dynamics per capita at the PPP for 1990 to 2017, NAC=3, GII=0,073.
Correlation ratio3 = 0,999, VS = 053.
Sourcewn evaluation

In general, the nature of trend remained the same, only its velocity changed:

- 1990 mid 2003 moderate stable growth;

- 2003- 2008- accelerated growth, evidently induced by preparation for joining the EU;

- 2008- 2018- modeate growth, but the rate is higher than during the first period. The
discontinuity of 2008 is also caused by the global crisis, although its impact being much weaker
than that on Ukraine's economy.

The dynamics of the Czech Republic is also well deduyittee suggested model (Figure 10).
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